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. Lie $G$ $\Lambda$ $G$ $G$
$e$ $U$ $\Lambda\cap U=\{e\}$ , A $G$
(discrete subgroup) . ,
.
Theorem 2.1. A $R^{n}$ . A $d$
$u_{1},$ $u_{2},$ $\ldots,$
$u_{d}$ (1) $u_{1},$ $u_{2},$ $\ldots,$ $u_{d}$ $R$ , (2) A
$m_{1}u_{1}+m_{2}u_{2}+\cdots+m_{d}u_{d}$ ( $m_{1},$ $m_{2},$ $\ldots,$ $m_{d}$ )
. (1), (2) A , $d$ A (mnk)
.
Definition 21. $R^{n}$ .
Proposition 2.1. ([1] section 6) $R^{n}$ $\{u_{1}, u_{2}, \ldots, u_{m}\}$
$(m\geq n)$ , $R$
{ $v_{1},$ $v_{2},$ $\ldots$ , v
$(v_{1}, v_{2}, \ldots,v_{n})=(u_{1}, u_{2}, \ldots,u_{m})G_{1}$
$(u_{1}, u_{2}, \ldots,u_{m})=(v_{1}, v_{2}, \ldots, v_{n})G_{2}$
$(m, n)$ $G_{1}$ $(n, m)$ $G_{2}$ ,
.
. $(M, ds_{M}^{2}),$ $(N, ds_{N}^{2})$
Riemann , $f$ : $Marrow N$ . $f$
( ) $f$
21
|$\sqrt$ \searrow 2 0 $f$
. $M$
Riemann , $N=\mathrm{R}^{n}/\Lambda$ (A ).
( ) Weierstrass .
Theorem 22. ( Weierstrass ) $f$ : $Marrow R^{n}/\Lambda$
. ,
(1) $f(p)= \Re\int_{p0}^{p}(\omega_{1},\omega_{2}, \ldots,\omega_{n})^{T}$ Mod $\Lambda$ ,
. $p_{0}\in M$ , $T$ ,
$\{\omega_{1}, \omega_{2}, \ldots, \omega_{n}\}$
(2) $\{\omega_{1}, \omega_{2}, \ldots, \omega_{n}\}$ ,
(3) $\sum_{i=1}^{n}\omega^{2}.\cdot=0$ (cm$f$ormal cmditim),
(4) $\Omega$ $:= \{\Re\int_{\gamma}(\omega_{1},\omega_{2}, \ldots, \omega_{n})^{T}|\gamma\in H_{1}(M, Z)\}$
A [ (periodic condition).




Schwarz $\mathrm{R}^{3}$ 4 Plateau
,
, $\mathrm{R}^{3}$ 3 .
3 3 .




$\Re\int_{p0}^{p}(z,$ $\frac{-1+z^{2}}{2},$ $\frac{i(-1-z^{2})}{2})^{T}\frac{dz}{w}$ ,
22
. $\Omega$ .
$\Omega=$ ( $\frac{A0}{02}$ $\frac{A00}{2}$),
$A= \int_{0}^{\infty}\frac{1}{\sqrt{1-t^{2}+t^{4}}}$ .
Schwarz .
A. Schoen (Gyroid, CLP-












Theorem 2.4. ([4]) 4
.
2 .









vey [2] . $f$ : $Marrow \mathrm{R}^{n}/\Lambda$ .
( ) $G:Marrow G_{n,2}$ $p-f_{*}(T_{p}M)$
( $G_{n,2}$ $n$ 2
). $G_{n,2}$ $Q_{n-2}:=\{[w]\in \mathrm{C}P^{n-1}|w\cdot w=0\}$
( ”. ” ) . $z=x+iy$
$M$ $G(p)$ $f_{z}$ .




Theorem 2.5. ([2] Theorem 47) $f$ : $Marrow R^{4}/\Lambda$
. D .
$\Re\int_{n}^{p}(1,it,$ $\frac{1}{2}(\frac{-1+t^{2}}{F}+F),$ $\frac{i}{2}(\frac{-1+t^{2}}{F}-F))^{T}\omega$ ,
, $F$ $M$ , $t\in[0,1]$ , $\omega$ $M$
$\{\omega,$ $it\omega,$ $\frac{1}{2}(\frac{-1+t^{2}}{F}+F)\omega,$ $\frac{i}{2}(\frac{-1+t^{2}}{F}-F)\omega\}$
$M$ ,
$\Omega=\{\Re\int_{\gamma}(1,it,$ $\frac{1}{2}(\frac{-1+t^{2}}{F}+F),$ $\frac{i}{2}(\frac{-1+t^{2}}{F}-F))^{T}\omega|\gamma\in H_{1}(M, Z)\}$
$\Lambda$ .
Remark 2.2. 4 , $t=1$ $f$






$M$ 3 $z$- 2 . 8 ,
$ae^{k\pi}:/4,$ $a^{-1}e^{k\pi\cdot/4}$
.
( $a$ $k$ $a=(1+\sqrt{3}/\sqrt{2}),$ $k\in\{1,3,5,7\}$ )
. $z$- $S^{2}$ $S^{2}$
$(\pm 1/\sqrt{3}, \pm 1/\sqrt{3}, \pm 1/\sqrt{3})$ . $M$
$l\mathrm{h}$ $\{\frac{dz}{w},$ $z \frac{dz}{w}$ , $z^{2} \frac{dz}{w}\}$ \mbox{\boldmath $\tau$}‘‘ . , 4
,
. Theorem 25 $F=z,$ $\omega=z\frac{dz}{w}$ ,
$f$ : $Marrow \mathrm{R}^{4}$ .
(5) $p \vdasharrow\Re\int^{p}\Phi=\Re\int^{p}(z,$ $itz,$ $\frac{-1+t^{2}+z^{2}}{2}$ $\frac{i(-1+t^{2}-z^{2})}{2})^{T}\frac{dz}{w}$.
$t=0$ Schwarz , $t=1$
D .
$\Phi=(z,$ $itz,$ $\frac{-2+t^{2}}{4}(1-z^{2})+\frac{t^{2}}{4}(1+z^{2}),\dot{\iota}\frac{t^{2}}{4}(1-z^{2})+\dot{\iota}\frac{t^{2}-2}{4}(1+z^{2}))^{T}\frac{dz}{w}$ .
, $\Omega$ ([8] p.185).
$\Omega=[_{-\frac{t^{2}}{4}B}^{\frac{A}{02}}\frac{t^{2}}{4}B$
$\frac{t^{2}-2}{4}A--\frac{0t}{2,0}B\frac{t^{2}}{4}B$
$\frac{t^{2}}{\frac{t\not\in}{4}}B-\frac{A}{2}\mathrm{o}_{B}$ $\frac{t^{2}-2-}{4}+\frac{t^{2}}{4}B\frac{0t}{A,02}B$ $- \frac{t^{2}}{24}B\frac{t}{4}B\frac{A}{2,0}$ $- \frac{t^{2}-2}{4}A+\frac{t^{2}}{4}B-\frac{0t}{02}B)$
$A:= \int_{0}^{\infty}\frac{dt}{\sqrt{1-t^{2}+t^{4}}}$ , $B:= \int_{0}^{\infty}\frac{dt}{\sqrt{1+t^{2}+t^{4}}}$ .
25
$A>B$ .
$\Omega$ , $(6, 4)$ $G_{1}$ $(4, 6)$ $G_{2}$
$(4, 4)$ A
$\mathrm{A}=\Omega G_{1},$ $\Omega=\mathrm{A}G_{2}$ ,
, $t$ .
. ” ” $t$ .
, $\frac{m}{n}\in \mathrm{Q}$ $t$
(6) $t^{2}= \frac{}{\frac{m}{2n}B+\frac{A-B}{4}}\frac{A}{2}\in(0,1)(i.e$ . $\frac{m}{n}\frac{t^{2}}{2}B+\frac{t^{2}-2}{4}A-\frac{t^{2}}{4}B=0)$ ,





$x,$ $y$ . $m,$ $y$ .
, $(m, n)=1$ $(m, \frac{n}{2})=1$ .
(8) $\frac{n}{2}x’+my’=1$ ,




$\Lambda_{\mathrm{e}v\mathrm{e}n}:=$ ( $tB000$ $\frac{1}{n}\frac{t^{2}0t}{02}B\frac{y}{2}B$ $- \frac{1}{n}\frac{t^{2}}{2}B\frac{1}{n}\frac{t^{2}00}{2}B$),
26
$G_{1}:=\{\begin{array}{l}my’’-\frac{n}{\frac R,\frac\hslash 2}my’’,(xy)+x’’-y’’(1-\frac{+n}{+2}x)-my’(xy)\frac{n}{2}myy’’-1000x’,0\frac{n^{2}}{4}xy’,-1\end{array}$ $x+yx_{0}-y+y00$ $(1- \frac{n}{x2}x)y’+\frac{Xn}{\frac R,2},x’,y’’,(1,-\frac{n}{+2}x)my’(+y)+mx’y’’(xy)]-myy’-\frac{n}{2,x’},mxyy’-x$
$- \frac{n}{2}xy’-\frac{n^{2}}{4}xx’\oint’$
( $X=x’+my’(x+y)-mx’y”+ \frac{n}{2}mx’y’’(x+y)-x’x’’$)
$G_{2}:=$ ( $- \frac{n0}{2}x-mm$ $- \frac{n}{n2}y-\frac{n}{2}-1$ $- \frac{n}{2,n}(x+y)-m00$ $- \frac{n}{2}001$ $\frac{n}{2}x-1$)$-mm0$ ,
(7), (8), (9)
$\Lambda_{even}=\Omega G_{1},$ $\Omega=\Lambda_{\mathrm{e}v\mathrm{e}n}G_{2}$

















$( \Omega G_{1})_{3}^{2}=\frac{y}{2}tB$ ,
$( \Omega G_{1})_{4}^{2}=-\frac{t}{2}B\{(1-\frac{n}{2}x)y’+\frac{n}{2}x’y’’(1-\frac{n}{2}x)-myy’-\frac{n}{2}mx’yy’’-\frac{n}{2}xy’-\frac{n^{2}}{4}xx’y’’\}$
$=- \frac{t}{2}B\{(1-nx)y’+\frac{n}{2}x’y’’(1-nx)-myy’-\frac{n}{2}mx’yy’’\}$









$= \frac{t^{2}}{2}B(x+y)-(-\frac{m}{n}\frac{t^{2}}{2}B+\frac{t^{2}}{2}B)y$ by (6)
$= \frac{t^{2}}{2}B(x+\frac{m}{n}y)$
$= \frac{1}{n}\frac{t^{2}}{2}B$ by (7)









$= \frac{t^{2}}{4}B(x’+\frac{2m}{n}y’)$ by (7)
$= \frac{1}{n}\frac{t^{2}}{2}B$ by (8),
$( \Omega G_{1})_{1}^{4}=-\frac{t^{2}}{4}B\{my’’-\frac{n}{2}my’’(x+y)+x’’\}+(\frac{t^{2}-2}{4}A-\frac{t^{2}}{4}B)\{-\frac{n}{2}y’’(1-\frac{n}{2}x)\}$
$+ \frac{t^{2}}{4}B\{-\frac{n}{2}my’’(x+y)\}+\frac{t^{2}}{4}Bx’’+(-\frac{t^{2}-2}{4}A+\frac{t^{2}}{4}B)\frac{n^{2}}{4}xy’’$






































$= \frac{t^{2}-2}{4}A-\frac{t^{2}}{4}B$ , by (6)













$n$ . $(m, n)=1$
(10) $nx+my=1$ ,
$x,$ $y$ . $(n, 2)=1$
(11) $2x’+ny’=1$ ,
$x’,$ $y’$ . [ $(2m, n)=1$
(12) $nx”+2my”=1$ ,
$x”,$ $y”$ . 3
$\Lambda_{odd}:=(_{0}^{A}00$ $\frac{t}{2}B000$ $\frac{1}{n}\frac{t^{2}00}{02}B$






$G_{2}’:=(\begin{array}{llllll}my’’ -mx’’ -my’’ 0 my1-\prime\prime mx’’0 -1 0 -1 0 -1nmy’ -nmx’’ n(1-my’’) n-m -nmy’ nmx’n 2m -n 0 -n -2m\end{array})$
(10), (11), (12)
$\Lambda_{odd}=\Omega G_{1}’,$ $\Omega=\Lambda_{odd}G_{2}’$







$= \frac{t}{2}B$ , (11)
$(. \Omega G_{1}’)_{3}^{2}=-\frac{t}{2}B(2x’y+nyy’-y)$











$= \frac{t^{2}}{2}B\{x+y+(m-n)yy’\}+(-\frac{m}{n}\frac{t^{2}}{2}.B+\frac{t^{2}}{2}B)(-y+nyy’)$ by (6)
$= \frac{t^{2}}{2}B\{x+y+(m-n)yy’+\frac{m}{n}y-myy’-y+nyy’\}$
$= \frac{1}{n}\frac{t^{2}}{2}B$ , by (10)
$( \Omega G_{1}’)_{4}^{3}=\frac{t^{2}}{4}B\{x’’-2(m-n)y’y’’\}+(\frac{t^{2}-2}{4}A+\frac{t^{2}}{4}B)(-ny’y’’)$







$=-x” \frac{t^{2}}{4}B+y’’(-\frac{m}{n}\frac{t^{2}}{2}B)$ by (6)
$= \frac{t^{2}}{4}B(-x’’-2\frac{m}{n}y’’)$




$= \frac{A}{2}$ , by (12)
$(\Lambda_{odd}G_{2}’)_{2}^{1}=0$
$( \Lambda_{odd}G_{2}’)_{3}^{1}=\frac{A}{2}(-nx’’-2my’’)$
$=- \frac{A}{2}$ , by (12)
$(\Lambda_{odd}G_{2}’)_{4}^{1}=0$
$( \Lambda_{odd}G_{2}’)_{5}^{1}=\frac{A}{2}(2-2my’’-nx’’)$









$= \frac{t^{2}}{4}B$ , (12)
$(\Lambda_{odd}G_{2}’)_{2}^{3}=0$ ,
$( \Lambda_{odd}G_{2}’)_{3}^{3}=\frac{t^{2}}{4}B(2-2my’’-nx’’)$
$= \frac{t^{2}}{4}B$ , (12)
$( \mathrm{A}_{odd}G_{2}’)_{4}^{3}=\frac{t^{2}}{2}B-\frac{m}{n}\frac{t^{2}}{2}B$
$= \frac{t^{2}-2}{4}A^{\cdot}+\frac{t^{2}}{4}B$ , (6)
34
$( \Lambda_{odd}G_{2}’)_{5}^{3}=\frac{t^{2}}{4}B(-nx’’-2my’’)$











, $n$ (5) 4
$f$ : $Marrow \mathrm{R}^{4}/\Lambda_{ev\mathrm{e}n}$
$f$ : $Marrow \mathrm{R}^{4}/\Lambda_{odd}$
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